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Abstract 
Soil pollution is a challenging concern for environmentalists. Different remediation methods have been proposed to 
remediate polluted soils. Most of the existing methods cannot purify low permeable soils. Electrokinetic remediation 
(EKR) is an effective method which can remediate fine-grained soils. Understanding the physicochemical phenomena of 
the EKR is necessary to achieve efficient experimental framework. Therefore, the present study aims to introduce a 
theoretical and mathematical model for the EKR process. In the present model, different transport phenomena including 
ion migration, electroosmotic flow, and diffusion were considered. In addition, Chemical reactions such as 
adsorption/desorption, precipitation/dissolution, water autoionization reaction, and electrolysis reaction were considered. 
For modeling purpose, a set of partial differential and algebraic equations were used to model the remediation process. The 
implicit finite difference numerical model showed a good capability of simulating the EKR process. The sensitivity analysis 
on the retardation and tortuosity factors represented that the retardation factor had a considerable effect on the pH and 
cadmium concentration profiles. Although tortuosity factor did not have a significant impact on the pH profile, it had a 
non-negligible effect on the cadmium concentration profile. 
Keywords: Numerical Model; Finite Difference; Chemical Reaction; Electrokinetic; Cadmium; Sensitivity Analysis. 
 
1. Introduction 
Soil pollution is one of the most important concerns for environmentalists. Contaminants such as heavy metals, 
organic matters, and radionuclides threat soils and sediments. Various methods including bioremediation, thermal 
remediation, soil vapor extraction, soil washing, soil flushing, electrokinetic remediation (EKR) have been introduced 
to purify contaminated lands [1]. Among them, EKR has shown to be a practical method to remedy low permeable soils 
(e.g., clays and silts) [2–6]. In the EKR process, application of low direct current (DC) into the soil medium leads to 
contaminants transportation by different transport phenomena such as electro-migration, electroosmotic flow, and 
electrophoresis. Electro-migration is the transport of ions and charged complexes under an electric field which is the 
main mechanism for transportation of heavy metals. Electroosmotic flow is the movement of pore water through a porous 
medium of soils as a subsequence of the electric field, and it is the main factor for removing neutral contaminants (e.g., 
organic matter) [7]. Electrophoresis is the movement of charged colloidal size particles and bound contaminants under 
an electric field [8] and becomes significant in the EKR when surfactants are used to enhance the EKR process, or when 
the technique is employed in the remediation of slurries [9].  
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To understand the EKR’s physicochemical phenomenon, mathematical models on the basis of the powerful 
theoretical framework are necessary. Mathematical models are essential to understand better processes that occur in the 
EKR and to allow predictions for the field-scale remediation [8]. Mathematical studies have been introduced to 
understand the feasibility of the models and to explain the fundamental theories. A chronological brief of numerical 
studies on EKR is being presented here. Chang et al. proposed a numerical model based on linear and non-linear 
retardation factor to consider adsorption of heavy metals in the remediation of copper and cadmium contaminated soil 
by EKR. They stated that their model based on Freundlich non-linear retardation factor had a good agreement with the 
experimental observation [10]. Kim et al. focused on simulating EKR of cadmium and lead contaminated kaolinites and 
they had reasonable agreements between numerical simulations and experimental tests [11, 12]. Park et al. developed a 
numerical model for remediation of phenol-contaminated kaolinite under an electric field, and the model results were 
consistent with the experimental results [13]. Amrate and Akretche provided a model for remediation of lead-
contaminated soil under EKR which was enhanced by the disodium salt of ethylenediaminetetraacetic (EDTA) and they 
stated that the model results were in agreement with the experiment [14]. Mascia et al. proposed a numerical model with 
consideration of surface reactions to simulate remediation of cadmium-spiked kaolinite under EKR process [15]. Al-
Hamdan and Reddy introduced a numerical model for the EKR of cadmium, chromium, and nickel contaminated 
kaolinite with considering chemical equilibrium reactions and their model was capable of simulating the experimental 
measurements [16]. Paz-Garcia et al. introduced a finite element numerical implementation for Nernst–Planck–Poisson 
system of equations for the EKR. They claimed that their model has a potential to predict the EKR process in both 
constant current density and the constant difference of voltage [17]. Miao and Pan built a numerical model to predict 
remediation of nuclear waste-contaminated soil under the direct current electric field, and the model results agreed with 
the tests’ results [18]. Asadollahfardi et al. proposed an explicit finite difference model to simulate lead removal from 
kaolinite clay under EKR process and their simulation results were consistent with the experimental data [19]. Rezaee 
et al. presented a model to simulate remediation of zinc and copper contaminated soils under EKR process considering 
different chemical reactions and they reported that their model was capable of simulating the remediation process [20]. 
This paper presents a numerical model based on Crank-Nicolson method to simulate the EKR of a cadmium-
contaminated kaolinite under an acid-enhanced condition. The realistic boundary conditions including the effect of flux 
and electrolysis reaction were considered in the model. Cadmium adsorption onto kaolinite surface was considered with 
the pH-dependent adsorption isotherm model in addition to precipitation and water chemical equilibrium. The final 
model compared with the existing data in the literature. Moreover, sensitivity analysis on the retardation and tortuosity 
factors were carried out to understand their effects on the model results. According to state of the art, simulation of acid-
enhanced EKR by implicit finite difference method and taking into account realistic boundary conditions, chemical 
reactions, and conducting sensitivity analysis has not been investigated yet. 
2. Materials and Method 
2.1. Experimental Data 
For validation of the numerical model, we used the EKR test reported by [21] for the removal of cadmium ions from 
water-saturated kaolinite. Figure 1 illustrates a schematic of the EKR batch system. The experimental study which was 
carried out by [21] is the kaolinite soil that was artificially contaminated by Cd(NO3)2 solution. The experimental 
apparatus consists of four main parts; soil cell, electrode cells, anode and cathode electrolyte solution reservoirs and 
power supply. The soil cell dimension is 9 × 9 × 15 𝑐𝑚 with a volume of 1215 𝑐𝑚3. Soil cell ends has 81 holes 
(diameter; 0.5 𝑐𝑚) to enhance uniform electroosmotic flow. At both sides of the soil cell, two sheets of filter paper were 
inserted to prevent flowing clay particles into the electrode cells. Constant-current was used in the test to keep the net 
rates of the electrolysis reactions constant. Table 1. presents a summary of the experimental data. Soil which was used 
in this experiment was commercial kaolinite soil was contaminated with Cd artificially. Kaolinite soil was contaminated 
with Cd(NO3)2 solution. One litter of 1000 𝑚𝑔 L-1 Cd(II) solution were prepared by dissolving 2.801 𝑔 Cd(NO3)2 in 
1 L of distilled water. The contaminated kaolinite was allowed to settle down for more than 3 days to attain the uniform 
distribution of cadmium and to complete adsorption in the soil samples. 
 
Figure 1. Schematic of the experimental apparatus [21] 
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Table 1. Experimental data of the EKR test [21] 
Parameters Value 
Soil specimen Kaolinite 
Contaminants Cd (NO3) 2 
Initial Contaminant concentration (µg/g) 367 
Initial soil pH 6 
Applied current (A) 0.1 
Applied Voltage (V) 17 
Area of soil cell  (cm2) 81 
Length of the soil cell (cm) 15 
Duration (h) 96 
2.2. Chemical Species Transport Formulation 
Different species transport phenomena in soils under electric field consist of mass fluxes generated by diffusion, 
electro-migration, electroosmotic flow, and electrophoresis. Several environmental variables affect the contribution of 
each flux to the total mass flux: soil mineralogy, pore fluid composition and conductivity, electrochemical properties of 
the present, generated and introduced species in the pore fluid, and porosity and tortuosity of the porous medium [9]. In 
the present study, electrophoresis is not considered in the model, because this process is taken into account when 
surfactants are used to enhance EKR. Moreover, the isothermal condition is considered; soil deformability is assumed 
to be negligible; soil medium is homogenous and saturated; the electrode dissolution is not taken into considering; redox 
reaction was considered merely at the electrodes; the movement of water under hydraulic gradient was not taken into 
consideration (no hydraulic head existed in the system); and model geometry was considered to be one-dimensional. A 
set of partial differential equations and algebraic equations are used to mathematically describe the transport of the target 
species, which in this case are: H+, OH-, Cd2+, and NO_3^-. The flux of the chemical species through a soil due to the 
presence of different transport phenomena such as diffusion, electroosmosis, and electro-migration is [22-24]: 
J𝑖 = −𝐷𝑖
eff𝛻𝑐𝑖 − 𝑐𝑖(𝑢𝑖
eff + 𝑘𝑒𝑜)𝛻∅ (1) 
𝐷𝑖
eff = 𝑛𝜏𝐷𝑖 (2) 
Where 𝐷𝑖
eff (m2 s-1) is the effective diffusion coefficient, n (-) is the porosity of the soil, τ is the tortuosity factor, 𝑢𝑖
eff 
(m2 V-1 s-1) is the effective ionic mobility, 𝑘𝑒𝑜  (m
2 V-1 s-1) is the electroosmotic permeability, ∅ (V) is the electrical 
potential, and 𝑐𝑖 (mol m








Where 𝑧𝑖 is the ionic charge of the species; F (C mol
-1) is the Faraday constant; R (J K-1 mol-1) is the ideal gas constant, 
and T (K) is the absolute temperature. By imposing mass conservation law, a system of differential and algebraic 
equations consisting N mass balance could describe the concentration profiles in the electrolyte, one for each chemical 














 in which Gi (mol m-3 s-1) is consumption\production ith aqueous chemical species due to 
chemical reactions (as e.g. adsorption, precipitation , and ionization). Where 𝐺𝑖
𝑎𝑞
 is the production rate of the ith aqueous 
chemical species because of an aqueous phase reaction; and 𝐺𝑖
𝑎𝑑 is the production rate of the ith aqueous chemical 
species due to an adsorption reaction; and 𝐺𝑖
𝑝
 is the production rate of the ith aqueous chemical species because of a 
precipitation reaction. 
2.3. Chemical Reaction 
2.3.1. Electrolysis Reaction 
In the model, water electrolysis reaction was considered, water oxidation at the anode and reduction at the cathode, as 







+ + 2e−;   𝐸0 = −1.229 V (6) 
2H2O + 2e
− ⇆H2 + 2OH
−;     𝐸0 = −0.828 V (7) 
Where 𝐸0 is the standard redox potential of the half reaction. The electrolysis reactions produce the injection of protons  
and hydroxide ions from the anode and the cathode, respectively [8, 17]. No other competitive electrode reactions were 
taken into consideration in the model. 
2.3.2. Adsorption Reaction 
Adsorption is the net accumulation of chemical species at the interface between a solid phase and fluid phase [26]. It 
is considered that the adsorption of heavy metal ions and complexes on clay minerals occurs as a result of ion exchange, 
surface complexation, hydrophobic interaction, and electrostatic interaction [27]. Factors such as pH, nature, and 
concentration of a substrate and adsorbing ion, ionic strength, and the presence of complexing ions, affect the extent of 
an adsorption [28, 29]. 
In the present study, cadmium and proton adsorption was taken into account due to their positive electric charge and 
H+ and NO3
− are the negative electric charge and considering adsorption for them is meaningless. A linear function is 
the simplest and most widely used adsorption isotherm equation was utilized to describe the adsorption of proton onto 





















⁄ = 𝐾𝑑𝑖 (9) 





𝑎𝑑  (mol kg-1) is the amount of solute absorbed/adsorbed onto a unit weight of solid, 𝑐𝑖 (mol m
-3) is the 
concentration of solute, Kdi (m3 kg-1) is the distribution coefficient, 𝜌 is the bulk dry density of the soil and 𝑅𝑑𝑖 is the 
retardation factor. Yet, adsorption reaction for cadmium and proton are interactive when pH value is the effective 
parameter in sorption species on a soil. For considering cadmium adsorption isotherm as a function of soil pH in different 
concentrations, an empirical model was used to consider cadmium adsorption onto kaolinite surface. 
 
Figure 2. Experimental result of cadmium adsorption isotherm onto kaolinite in different pH values [12] 
2.3.3. Water Chemical Equilibrium and Precipitation Reaction 
Aqueous and precipitation reactions in the models were considered by Equations 12 and 13, respectively, 
𝐻+ +𝑂𝐻− ⇆ 𝐻2𝑂       𝐾𝑤 = [𝐻
+][𝑂𝐻−] = 10−14 (11) 
Cd2+ + 2OH− ⇆ Cd(OH)2       𝐾𝑝 = [𝐶𝑑
2+][𝑂𝐻−]2 = 5 × 10−15 (12) 
Kw is the water equilibrium constant, and Kp is the solubility product equilibrium constant of the precipitation reaction. 
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2.4. Finite Difference Implementation and Model Procedure 
For each ion, except nitrate that its concentration is calculated by using an algebraic equation, two boundary 
conditions and one initial condition were introduced. The electric field was set constant with time [15, 16, 19, 20]; 
therefore, the transport equation for each chemical species along with appropriate boundary conditions at the electrodes 






































































































































where I (A m-2) is the electric current density; 𝑐0
𝐻+ is the concentration of proton in the anode compartment; 𝑐0
𝑂𝐻− is 
the concentration of hydroxide in the anode compartment; and 𝑅𝑑𝐻is the proton retardation factor. In order to generate 
boundary conditions, it was assumed that whole electric current was expended in the generation of H+ at the anode and 
OH- at the cathode. By imposing electroneutrality into the system of equations, it is possible to achieve NO3
− 







The initial condition for cadmium, proton, and hydroxide are represented in Table 2. 
Table 2. Initial condition of target species 
Species Initial condition 
Cadmium 8.9×10-3  (mol/m3) 
Proton 10-6 (mol/lit) 
Hydroxide 10-8 (mol/lit) 
The transport equation for each ion should be solved by using appropriate initial condition, and the chemical reactions 
should be satisfied at each time step, then equilibrium concentration of each chemical species goes to transport 
formulation to obtain the concentrations at the next time step. The finite difference formulation which was used to solve 
the transport equation is completely described in [20]. The electroosmotic permeability in soils is in the range of 10-5 to 
10-4 cm2 s-1 V-1 [22]. In our case, we set electroosmotic permeability equal to 510-9 (m2 V-1 s-1). Tortuosity factor for 
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kaolinite varies over a range of 0.12-0.5 [23]. We considered the tortuosity factor equal 0.15 and retardation factor equal 
to 7 according to sensitivity analysis and we used characteristics from Table 3 in our simulation. 
 
Table 3. parameters used in Numerical Analysis 
Parameter Value Reference 
Length of soil cell (cm) 15 [21] 
Time of simulation (hr) 96 [21] 
Spatial increment (mm) 0.1 - 
Time increment (s) 10 - 
Porosity 0.48 [12] 
Cation exchange capacity 
(CEC) (mg kg-1) 
3280 [12] 
Di of Cd2+ (m2s-1) 7.1910-10 [30] 
Di of H+ (m2s-1) 93.110-10 [30] 
Di of OH- (m2s-1) 52.710-10 [30] 
Di of NO3- (m2s-1) 1910-10 [30] 
Applied electric field (V) 17 [21] 
At each time step chemical reactions should be solved to find equilibrium value of each chemical species 
concentration. At first step transport equations are solved according to initial conditions by finite difference method to 
find concentrations at the next time step, then water chemical equilibrium, precipitation, and pH-dependent adsorption 
isotherm model are solved to find species equilibrium concentration and these concentrations go to transport equation 
to find species concentration at the new time step. This procedure should be continued to find all concentrations. Figure 
3 shows the numerical procedure which was used to simulate the EKR process. 
 
Figure 3. Visual description of numerical procedure to simulate EKR process 
2.5. Analysis Model Efficiency 
The coefficient of determination (R2) and index of agreement (IA) indicate the accuracy of simulation results. To 
illustrate the accuracy and efficiency of the models, R2 and IA were calculated between our numerical simulation results 
and the experimental measurement. The R2 and IA values are between zero to one. When the R2 and IA approach to one 
the model is well developed. The R2 and IA formulations are:  






∑ (𝑂𝑖 − ?̅?)(𝑃𝑖 − ?̅?)
𝑛
𝑖=1
√∑ (𝑂𝑖 − ?̅?)2
𝑛






𝐼𝐴 = 1 −
∑ (𝑂𝑖 − 𝑃𝑖)
2𝑛
𝑖=1




where O is the experimental measurement, O̅ is the mean value of O, P is the numerical simulation result and P̅ is the 
mean value of P. 
3. Results and Discussion  
3.1. Comparison between the Model Prediction and Experimental Result 
Figure 4 indicates the comparison between the model prediction and the experimental pH measurements. Due to the 
electrolysis reaction, proton and hydroxide ions are generated in the anode and the cathode chambers, respectively [31, 
32]. These ions move into the soil medium and cause acid and base front movement. In acid-enhanced tests, by dropping 
acid into the cathode chamber, pH in the cathode chamber does not increase. In the acidic condition in the cathode 
chamber OH- ions are neutralized. In the modeled system sulphuric acid was used to enhance the remediation process, 
so in the cathode chamber, hydroxide reacts with sulphuric acid and produces water and SO4
−2. In this content, the acid 
front movement is prevented and pH near the cathode does not increase, which results in more efficient remediation 
process by reducing adsorption and precipitation of cadmium ions. Close to the anode cell the model and the test’s result 
illustrate acidic condition which is due to high concentration of proton ions in this zone. Close to the cathode, pH tends 
to the initial soil pH, because it takes time for proton ions to travel to cathode zone, so pH in this zone is not acidified 
as anode zone. R2 and IA were calculated between the model result and pH measurement along the soil. The R2 and IA 
calculation for the third day are 0.99 and 0.98 and for the fourth day are 0.99 and 0.99 which shows good agreement 
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Figure 4. Predicted and measured pH along the soil cell 
Figure 5 describes the comparison between the cadmium concentration prediction and the experimental data. By 
running the program and then decreasing pH, the cadmium ions desorbed from the kaolinite surface and transported 
across the soil medium. Owing to the acid enhancement strategy, the whole of the soil medium was acidified based on 
the experiment and the model (Figure 4). Therefore, less cadmium accumulation is observed in comparison with 
unenhanced tests because of less adsorption and precipitation [33]. In the acid-enhanced EKR test, high efficiency in 
remediation of cadmium is observable, because cadmium ions are mostly soluble and could transport in soil media. 
According to Figure 5, the model result is consistent with the experimental data and shows a good capability for 
simulating the cadmium concentration profile in the soil. The R2 and IA calculation between the proposed model result 
and the experimental cadmium concentration profile show reasonable agreement between the model and the experiment. 
In the third day R2 and IA are equal 0.83 and 0.82 and for the fourth day, R2 and IA are equal to 0.65 and 0.8 which 
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Figure 5. Predicted and measured cadmium concentration profile 
3.2. Sensitivity Analysis 
In our study, the retardation and tortuosity factors were considered as the fitting parameters (or degree of freedom) 
to achieve a good agreement between the experimental and the simulation results. Other input parameters have a specific 
value and uncertainty is existed for tortuosity and retardation factor values. Consequently, we carried out a sensitivity 
analysis on these parameters to find out their effects on the model. In the first phase, we increased or decreased the 
retardation factor by 20%, while the other input parameters were kept unchanged, then the role of retardation factor in 
the model results was investigated. Figures 6 and 7 indicate the effect of using different retardation factors on the pH 
profile after three and four days of treatments, respectively. When the retardation factor was set equal to 5.6, the acid 
front movement accelerated and this means that proton ions could transport more easily in comparison with using 
retardation factor equal to 7 and the model for three and four days of treatment represented overestimation for the pH 
prediction. When retardation factor was equal to 8.4, the acid front movement was retarded. Consequently, the model 
underestimated acid front movement and simulated the pH profile equal to the initial soil pH near the cathode after three 
and four days of treatment. 




Figure 6. Effect of changing the retardation factor on the pH prediction after 3 days of treatment 
 
 
Figure 7. Effect of changing the retardation factor on the pH prediction after 4 days of treatment 
Figures 8 and 9 present the effect of changing the retardation factor on the cadmium concentration profile after three 
and four days of treatment, respectively. As illustrated in Figures 6 and 7 by using retardation factor equal to 5.6 the 
model overestimated the acid front movement. Therefore, in the strong acidic condition, cadmium ions could transfer in 
the soil with less interaction with soil surface and other ions (less adsorption and precipitation). Because, the cadmium 
adsorption is interactive with the proton concentration and according to the pH-dependent adsorption isotherm model, 
less cadmium accumulation was observed by the model (Figure 8 and 9). In addition, as Figure 6 and 7 depict, when 
retardation factor was considered equal to 8.4 after three and four days of treatment the model underestimated the acid 
front movement and displayed the soil pH equal to the initial amount. This condition resulted in more adsorption and 
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Figure 9. Effect of changing the retardation factor on the cadmium concentration profile after 4 days of treatment 
In the second phase of the sensitivity analysis, we increased or decreased the tortuosity factor by 20%, while the other 
input parameters were kept unchanged, then the role of tortuosity factor in the model results was investigated. As Figure 
10 and 11 demonstrate when tortuosity factor was set equal to 0.12 and 0.18 the model did not show a considerable 
















































































Figure 10. Effect of changing tortuosity factor on the pH profile after 3 days of treatment 
 
 
 Figure 11. Effect of changing tortuosity factor on the pH profile after 4 days of treatment 
Figures 12 and 13 depict the effect of changing tortuosity factor on the cadmium concentration profile after three and 
four days of treatment, respectively. By increasing the tortuosity factor (𝝉 = 𝟎. 𝟏𝟖), the cadmium’s effective ionic 
mobility is increased and the model overestimated cadmium removal. Moreover, when the tortuosity factor was taken 
into account equal to 0.12, the model underestimated the cadmium removal, because the cadmium’s effective ionic 
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direct impact on the cadmium’s ionic mobility. 
 
Figure 12. Effect of changing the tortuosity factor on the cadmium concentration profile after 3 days of treatment 
 
 
Figure 13. Effect of changing the tortuosity factor on the cadmium concentration profile after 4 days of treatment 
4. Conclusion 
This paper presents a numerical model on the basis of the implicit finite difference considering chemical reactions 
consisting pH-dependent adsorption isotherm, water autoionization, precipitation and electrolysis in the electrode cells 
to model the acid-enhanced EKR of a cadmium-contaminated soil. Considering the results and discussion, we 
summarized the conclusions as follows:  
Cadmium concentration and pH prediction along the soil had a reasonable agreement with the experimental data 
which represent the efficiency of the model to simulate the modeled system. The consequence of sensitivity analysis on 
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prediction. Moreover, the result of the sensitivity analysis on the tortuosity factor indicated that this parameter did not 
have a significant effect on the pH profile prediction. Conversely, tortuosity factor had a non-negligible effect on the 
cadmium concentration profile simulated by the model. 
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